Abstract. We prove some normality criteria for a family of meromorphic functions which improve and suppliment some earlier results.
Now we state the first theorem of the paper which improves Theorem B.
THEOREM 1. Let Τ be a family of meromorphic functions in a domain T> such that for every f Ε Τ following hold:
(i) / has no zero of multiplicity < m, (ii) / has no pole of multiplicity < n,
(*) i + i<è-If there exists a positive number M such that for every f 6 Τ with \f'(z)\ < M whenever ζ is a simple a-point of f for some fixed complex number αφ 0, oo then Τ is normal.
Considering Τ = we see that the last condition of Theorem 1 is inevitable.
In 1967 Hayman [6] proposed the following conjecture:
Let Τ be a family of meromorphic functions in a domain V and k be a positive integer. If for every f € Τ f omits the value 0 and f ^ omits the value 1 then Τ is normal in V.
In 1979 Gu [4] Yang {p. 151 [8] } also extended the result of Gu [4] and proved the following theorem: 
Gu [5] {see also [3] } further considered the case of homogeneous differential polynomials and proved the following result: 
where Β is a constant and P(w) -b\w + faw 2 + • • · + b q w q is a polynomial with constant coefficients, then the family Τ is normal.
The following corollary of Theorem 2 improves Theorem C: Improving some earlier results Wang-Fang [10] proved the following theorem.
THEOREM Η [10]. Let t, k be two positive integers such that t > 1 + k. A family Τ of meromorphic functions in a domain T> is normal if for every fe?, (ñ ik)
Φ ι-Considering the family Τ -{jz}°l1 it is shown in [10] that the condition t > 1 + k is inevitable for Theorem H.
In the following corollary of Theorem 2 we see that Theorem Η remains valid for t = k if the members of Τ have no simple zero and k> 2.
COROLLARY 3. Let k > 2 be a positive integer. A family Τ of meromorphic functions in a domain V is normal if for every f € Τ the following hold:
(i) / has no simple zeros, (ii) (/*)« φ 1.
Considering F = {jz}'ß^1 we can easily verify that the condition (i) of Corollary 3 is inevitable. 
Lemmas
In this section we present some lemmas which are needed in the sequel. Proof. If / is a polynomial then the degree of / is at least 1 + k. So f^ is a nonconstant polynomial and hence /^ + a has at least one zero.
Let / = po/qo, where po> <7o are polynomials of degree m and η > 1 respectively and po, qo have no common factor.
By a simple calculation we see that f^ = Pk/qk, where pk, qk are polynomials and deg(<7fc) = 2 k n, deg(p¿) < m + (2 fc -l)n -k and the equality holds if m φ η + j for j = 0,1,2,..., k.
We now consider the following cases. where ro is a polynomial of degree τη\ < η and ao,a\,... ,α^φ 0) are constants. By a simple calculation we see that
Qk
where a = akk\, rk is a polynomial and deg(r^) = mi + (2 k -l)n -k. We note that deg(rk) < 2 k n -k < deg(çjfc) and flk) ! fl= rk + (a + a)gk
Ik
We now consider the following subcases.
Subcase (i). Let α + α^0. Then deg(rjt + (a + a)qk) = deg(^fc) and as in Case I fW + a has at least one zero. Since / has no simple zero, Β φ 0 and c φ 0. So / has only one simple pole and from the given condition it follows that k/(λ -1) < 1 i.e., λ > fe + 2 = 3. Hence / has only zeros of multiplicity at least three, which is impossible by (3) . Now we show that r¡t is not a factor of q k . If possible, suppose that Tk is a factor of q^ and so qk = r¿s, where s is a polynomial of degree 2 k n -mi -(2 k -l)n + fe = n + fc -mi >0. Hence from (2) we get
Let ai,ct2,.
•. ,αι be the distinct zeros of s with respective multiplicities ii, ¿2,..., i/. Since s is nonconstant, then I > 1.
From (4) it follows that αϊ, «2,.. ·, ai axe the poles of f^ with respective multiplicities ίχ, Í2) · · ·, ti-So a¡i, ..., a¡ are the poles of / with respective multiplicities ti-k,t2-k,... ,t¡ -k and / has no other poles. Therefore from (1) and (4) it follows that n+fc-τηχ = ]CÍ=i U = n+kl i.e., mi+k(l -1) = 0. Since I > 1 and fc > 1, it follows that mi = 0 and I = 1 so that ti = η + k. Hence / has only one pole with multiplicity n. So from (1) we see that / is of the form Since Vi > λ > 2 for i = 1,2,..., u, it follows that a zero of / is also a zero of
Since -d/c is the only pole of /, it follows that φ -d/c for i = 1,2, ...,u and so ßi is a zero of φ with multiplicity Vi -1. Since / and Q share 0 counting multiplicities, we see that ]C"=i v i -η + k and also ΣΧχ Vi < u + k. Therefore Xu < Vi = n + k<u + k and so η < u < k/(X -1), which is a contradiction.
Since r k is nonconstant and is not a factor of q k , it follows from(2) that /(*) + a has at least one zero. This proves the lemma. •
The following lemma easily follows from Lemma 3 [1] and Theorem 3 [1] . Proof. First we prove that fW + a has at least one zero.
If / is a rational function then by Lemma 1 f^ + a has at least one zero. 
